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Abstract
We introduce a new concept of an exceptional family of elements for a variational inequality problem (VIP) defined by a
continuous function on a Euclidean space; and give the related existence theorems for the solution to the VIP.
c© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Throughout this work K denotes a nonempty closed convex set in a Euclidean space Rn and 〈·, ·〉 and ‖ · ‖
denote respectively the inner product and norm in Rn . Let F be a continuous function from Rn to itself. We consider
VIP(K , F), the variational inequality problem associated with F and K , that is, finding a vector x∗ ∈ K such that
〈F(x∗), x − x∗〉 ≥ 0 ∀x ∈ K . (1.1)
When K is the nonnegative orthant in Rn , VIP(K , F) reduces to the nonlinear complementarity problem NCP.
The variational inequality problems have many applications in different fields (including mathematical programming
problems and some equilibrium problems), and are studied by using various methods pertinent to various issues or
aspects; see [2–17]. Many authors focused their efforts on finding the existence condition for (1.1). Smith [12], Isac
et al. [7–9] and Zhao et al. [14–16] proposed the concepts of the exceptional sequence and exceptional family for
studying the solvability of VIP. Recently, Tao and Huang [11], Zhang et al. [13] and Zhou and Bai [17] gave various
new concepts of the exceptional family, which generalized respectively those in [14,16,10].
In this work, we establish a concept of an α-exceptional family for a variational inequality problem with a general
closed convex constrained set. It generalizes all the concepts introduced in [11,13,17], that is, any exceptional family
in [11,13,17] must be an α-exceptional family for some α ∈ R3. Finally, we give the corresponding existence theorem.
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2. Exceptional family
In this section, we propose a concept of an α-exceptional family where α is a vector in three-dimensional Euclidean
space R3. Let x ∈ K . Recall that the normal cone of K at x [1,11,13,17] is defined by
NK (x) := {z ∈ Rn : 〈z, y − x〉 ≤ 0,∀y ∈ K }. (2.1)
Definition 2.1. Let α = (a1, a2, a3) ∈ R3 and let xˆ ∈ K . A sequence {xr }r>0 is said to be an α-exceptional family
of elements for F with respect to xˆ if ‖xr‖(= r) → +∞ as r → ∞ and there exists {tr } such that 0 < tr < 1,
(1+a1tr )xr−a3tr xˆ
1−a2tr ∈ K and
−[F(xr )+ βr (xr − xˆ)] ∈ NK
(
(1+ a1tr )xr − a3tr xˆ
1− a2tr
)
(2.2)
where βr = tr/(1− tr ).
Remark 2.1. We can easily see that Tao and Huang discussed the (1, 0, 0)-exceptional family in [11] and Zhou and
Bai studied the (0, 0, 0)-exceptional family in [17]. Also, we say that the Definition 1.1 in [13] showed us another
version of the (0, 1, 1)-exceptional family in an n-dimensional Euclidean space. In fact, by Definition 2.1, a sequence
{xr } is an (0, 1, 1)-exceptional family of elements for F with respect to xˆ iff it satisfies that ‖xr‖ → +∞ as r → ∞
and there exists {tr } such that 0 < tr < 1, xr−tr xˆ1−tr ∈ K and
−[F(xr )+ tr (xr − xˆ)/(1− tr )] ∈ NK
(
xr − tr xˆ
1− tr
)
. (2.3)
Take yr = xr−tr xˆ1−tr ∈ K . That is, xr = (1− tr )yr + tr xˆ . Thus (2.3) is equivalent to
−[F((1− tr )yr + tr xˆ)+ tr (yr − xˆ)] ∈ NK (yr ). (2.4)
Definition 1.1 in [13] shows that (2.4) holds iff yr is an exceptional family of elements for F with respect to xˆ in [13].
The following proposition shows a property of the set of all “α-exceptional families” which will be needed later.
Proposition 2.1. Let xˆ ∈ K and {yn} ∈ K be such that yn → xˆ . Let {αn} be a sequence in R3 with (a1n, a2n, a3n) =
αn → α = (a1, a2, a3), where a1 > −1, a2, a2n ≤ 1 (for any n) and F is a continuous function from Rn to itself.
Suppose that VI(K , F) has no solution and for each n, there exists an αn-exceptional family of elements for VI(K , F)
with respect to yn . Then there exists an α-exceptional family of elements for VI(K , F) with respect to xˆ .
Proof. From the assumptions and Definition 2.1, one has that for any n, there exist {xr (n)} and {tnr } such that
‖xr (n)‖ = r →+∞ as r →∞, 0 < tnr < 1, (1+a1n t
n
r )x
r (n)−a3n tnr yn
1−a2n tnr ∈ K and
−[F(xr (n))+ βr (n)(xr (n)− yn)] ∈ NK
(
(1+ a1n tnr )xr (n)− a3n tnr yn
1− a2n tnr
)
, (2.5)
where βr (n) = tnr /(1− tnr ).
For any r > ‖xˆ‖, we claim that there exist xr (∗) with ‖xr (∗)‖ = r and tr (∗) ∈ [0, 1] such that
〈−[(1− tr (∗))F(xr (∗))+ tr (∗)(xr (∗)− xˆ)], (1− a2tr (∗))y
− [(1+ a1tr (∗))xr (∗)− a3tr (∗)xˆ]〉 ≤ 0 ∀y ∈ K . (2.6)
Since ‖xr (n)‖ = r and tnr ∈ (0, 1) for each n, there exist tr (∗) ∈ [0, 1], xr (∗) with ‖xr (∗)‖ = r , a subsequence
{xr (nk)}k of {xr (n)} and a subsequence {tnkr } of {tnr } such that
xr (nk)→ xr (∗) and tnkr → tr (∗) as k →+∞.
It follows from (2.5) and (2.1) that〈
−[F(xr (nk))+ βr (nk)(xr (nk)− ynk )], y −
(1+ a1nk tnkr )xr (nk)− a3nk tnkr ynk
1− a2nk tnkr
〉
≤ 0 for any y ∈ K .
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Therefore,
〈−[(1− tnkr )F(xr (nk))+ tnkr (xr (nk)− ynk )], (1− a2nk tnkr )y
− [(1+ a1nk tnkr )xr (nk)− a3nk tnkr ynk ]〉 ≤ 0 ∀y ∈ K . (2.7)
Note that ynk → xˆ and αink → αi as k →+∞, i = 1, 2, 3. We obtain (2.6) by letting k →+∞ in (2.7). If tr (∗) = 1,
taking y = xˆ ∈ K , then by (2.6), we have
〈xr (∗)− xˆ, (1+ a1)xr (∗)− (1− a2 + a3)xˆ〉 ≤ 0.
That is,
0 ≥ (1+ a1)‖xr (∗)‖2 − (2+ a1 − a2 + a3)〈xr (∗), xˆ〉 + (1− a2 + a3)‖xˆ‖2
≥ (1+ a1)‖xr (∗)‖2 − |2+ a1 − a2 + a3| · ‖xr (∗)‖‖xˆ‖ + (1− a2 + a3)‖xˆ‖2
= (1+ a1)r2 − r |2+ a1 − a2 + a3|‖xˆ‖ + (1− a2 + a3)‖xˆ‖2, (2.8)
for any r > ‖xˆ‖. Since 1 + a1 > 0, (2.8) cannot hold for sufficiently large r . This is a contradiction. Thus,
0 ≤ tr (∗) < 1. Note that
(1+ a1nk tnkr )xr (nk)− a3nk tnkr ynk
1− a2nk tnkr
∈ K , for any nk
and K is closed. We have
(1+ a1nk tnkr )xr (nk)− a3nk tnkr ynk
1− a2nk tnkr
→ (1+ a1tr (∗))x
r (∗)− a3tr (∗)xˆ
1− a2tr (∗) ∈ K . (2.9)
If tr (∗) = 0, then (2.9) implies xr (∗) ∈ K . Hence (2.6) shows that −F(xr (∗)) ∈ NK (xr (∗)) which shows that
xr (∗) is a solution of VIP(K , F), which is a contradiction. Thus we have tr (∗) ∈ (0, 1). Since a2 ≤ 1, one has
1− a2tr (∗) 6= 0. It follows from (2.6) that〈
−[F(xr (∗))+ βr (∗)(xr (∗)− xˆ)], y − (1+ a1tr (∗))x
r (∗)− a3tr (∗)xˆ
1− a2tr (∗)
〉
≤ 0
where βr (∗) = tr (∗)/(1− tr (∗)). So,
−[F(xr (∗))+ βr (∗)(xr (∗)− xˆ)] ∈ NK
(
(1+ a1tr (∗))xr (∗)− a3tr (∗)xˆ
1− a2tr (∗)
)
.
By Definition 2.1, {xr (∗)}r is an α-exceptional family of elements for VI(K , F) with respect to xˆ . 
Remark 2.2. Let αn, α ∈ R3, yn, xˆ ∈ K and F be as in Proposition 2.1. Let zn := {xr }n be an αn-exceptional family
of elements for VI(K , F) with respect to yn ∈ K for any n. Then the proof of Proposition 2.1 shows that any cluster
point of {zn}, denoted by z := {xr (∗)}, must be an α-exceptional family of elements for VI(K , F) with respect to xˆ .
3. Existence theorem
In the remainder of this work, we assume that K is unbounded since VIP is known to be solvable if K is bounded.
For a bounded open set D, let ∂D and D denote respectively the boundary and closure of D. Define ψ : Rn → Rn by
ψ(x) = x −ΠK (x − F(x)). (3.1)
The following is a well known result for variational inequality problems.
Lemma 3.1. x∗ is a solution of VI(K,F) if and only if ψ(x∗) = 0.
We state three lemmas on topological degree deg( f, D, y) as follows. The first and the second can be seen in [11] and
the last can be seen in [4, Proposition 2.1.4].
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Lemma 3.2. Let D ⊂ Rn be an open bounded set, H : D×[0, 1] ⊂ Rn+1 → Rn be a continuous function. If y ∈ Rn
and y 6∈ {H(x, t) : x ∈ ∂D, t ∈ [0, 1]}, then deg(H(·, t), D, y) is a constant for any t ∈ [0, 1].
Lemma 3.3. Let D ⊂ Rn be an open bounded set, and f : D ⊂ Rn → Rn be a continuous function. If
y ∈ Rn, y 6∈ f (∂D), and deg( f, D, y) 6= 0, then f (x) = y has a solution in D.
Lemma 3.4. Let D ⊂ Rn be a nonempty open bounded set, and f : D(⊂ Rn) → Rn be a continuous injective
function. For every y ∈ f (D), |deg( f, D, y)| = 1.
Theorem 3.1. Let K be a closed convex set in Rn and xˆ ∈ K. Let F be a continuous function from Rn into
itself. Assume that ς ∈ R with ς xˆ ∈ K. If VI(K , F) has no solution, then for any α = (a1, a2, a3) ∈ R3 with
a1 ≥ 0, 0 ≤ a2 < 1 and
ς = 1+ a1 − a3
1− a2 ,
there exists an α-exceptional family of elements for VI(K , F) with respect to xˆ .
Proof. We assume that VI(K , F) has no solution. We will prove that there exists an α-exceptional family of elements
for VI(K , F) with respect to xˆ . Define H : Rn+1 → Rn by
H(x, t) = (1+ a1t)x − a3t xˆ − (1− a2t)ΠK
(
− (1− t)F(x)+ t (xˆ − x)
+ (1+ a1t)x − a3t xˆ
(1− a2t)
)
, t ∈ [0, 1]. (3.2)
Let Dr = {x ∈ Rn : ‖x‖ < r} where r > 0. Then we have the following result: For every r > ‖xˆ‖, there exist
xr ∈ ∂Dr and tr ∈ [0, 1] such that 0 = H(xr , tr ). In fact, if this is not true, then there exists r0 > ‖xˆ‖ such that
0 6∈ {H(x, t) : x ∈ ∂Dr0 , t ∈ [0, 1]}. (3.3)
From (3.2), we have
H(x, 1) = (1+ a1)x − a3 xˆ − (1− a2)ΠK
(
xˆ − x + (1+ a1)x − a3 xˆ
(1− a2)
)
. (3.4)
We now show that |deg(H(·, 1), Dr0 , 0)| = 1. By Lemma 3.4, it is sufficient to show that H(·, 1) is injective and
0 ∈ H(·, 1)(Dr0). Since 1+a1−a31−a2 xˆ ∈ K , we get that H(xˆ, 1) = 0. Noting that xˆ ∈ Dr0 , one has 0 ∈ H(·, 1)(Dr0). Let
H(x, 1) = H(y, 1). Then by (3.4), one has
(1+ a1)(x − y) = (1− a2)
(
ΠK
(
xˆ − x + (1+ a1)x − a3 xˆ
(1− a2)
)
−ΠK
(
xˆ − y + (1+ a1)y − a3 xˆ
(1− a2)
))
.
Premultiplying by x − y, we have
(1+ a1)‖x − y‖2 ≤ (1− a2)
∥∥∥∥ΠK (xˆ − x + (1+ a1)x − a3 xˆ(1− a2)
)
− ΠK
(
xˆ − y + (1+ a1)y − a3 xˆ
(1− a2)
)∥∥∥∥ ‖x − y‖
≤ (1− a2)
∥∥∥∥(xˆ − x + (1+ a1)x − a3 xˆ(1− a2)
)
−
(
xˆ − y + (1+ a1)y − a3 xˆ
(1− a2)
)∥∥∥∥ ‖x − y‖
= (a1 + a2)‖x − y‖2.
Then,
(1− a2)‖x − y‖2 ≤ 0.
Hence x = y and H(·, 1) is injective. Thus, by (3.3) and Lemma 3.2, we get that
|deg(ψ(·), Dr0 , 0)| = |deg(H(·, 0), Dr0 , 0)| = |deg(H(·, 1), Dr0 , 0)| = 1.
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Hence, Lemma 3.3 and (3.3) show that ψ = 0 has at least one solution in Dr0 , which is a solution to VI(K , F). This
is a contradiction. Thus, we get
0 = H(xr , tr )
= (1+ a1tr )xr − (1− a2tr )ΠK
(
−(1− tr )F(xr )+ tr (xˆ − xr )+ (1+ a1tr )x
r − a3tr xˆ
(1− a2tr )
)
− a3tr xˆ . (3.5)
If tr = 0, then xr is a solution of ψ(x) = 0, which is a contradiction. If tr = 1, then (3.5) implies that
H(xr , 1) = 0(= H(xˆ, 1)). Since H(·, 1) is injective, one has xr = xˆ . This is a contradiction with ‖xr‖ = r > ‖xˆ‖.
Hence we have tr ∈ (0, 1). By (3.5), for all r > ‖xˆ‖, one has
1
1− a2tr [(1+ a1tr )x
r − a3tr xˆ] = ΠK
(
−(1− tr )F(xr )+ tr (xˆ − xr )+ (1+ a1tr )x
r − a3tr xˆ
(1− a2tr )
)
∈ K .
(Note that if a2 ∈ (0, 1) and tr ∈ (0, 1), then 1− a2tr 6= 0.)
That is, zr := 11−a2tr [(1+ a1tr )xr − a3tr xˆ] ∈ K is the unique solution of the following problem:
min
y∈K
1
2
∥∥∥∥y + (1− tr )F(xr )− tr (xˆ − xr )− (1+ a1tr )xr − a3tr xˆ(1− a2tr )
∥∥∥∥2 .
Thus we obtain
−(1− tr )F(xr )+ tr (xˆ − xr )+ (1+ a1tr )x
r − a3tr xˆ
(1− a2tr ) − zr ∈ NK (zr ).
Then, since NK (zr ) is a cone, we get further that
−[F(xr )+ βr (xr − xˆ)] ∈ NK
(
(1+ a1tr )xr − a3tr xˆ
1− a2tr
)
,
where βr = tr/(1− tr ). By Definition 2.1, {xr } is an α-exceptional family for VI(K , F) with respect to xˆ . 
Corollary 3.1. Let K be a closed convex set in Rn and xˆ ∈ K. Let α0 = (a1, 1, a1+ 1) with a1 ≥ 0. If F : Rn → Rn
is a continuous function, then there exists either a solution to VI(K , F) or an α0-exceptional family of elements for
VI(K , F) with respect to xˆ .
Proof. We assume that VI(K , F) has no solution. Let αn = (a1 + 1/n, 1 − 1/n, a1 + 1) with n ∈ N . Then
1+a1+1/n−(a1+1)
1−1+1/n = 1. Take ς = 1 in Theorem 3.1. Then, Theorem 3.1 shows that for any n ∈ N , there exists an
αn-exceptional family of elements for VI(K , F) with respect to xˆ . Note that αn → α0 ∈ (−1,+∞)× (−∞, 1] × R.
By Proposition 2.1, there must exist an α0-exceptional family of elements for VI(K , F)with respect to xˆ ; this corollary
holds. 
Remark 3.1. By Corollary 3.1 and Remark 2.1, we can see that Theorem 3.1 generalizes Theorem 1.1 in [13],
Theorem 2.1 in [11] and Theorem 3.1 in [17] when V = Rn .
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